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Abstract
Relation among effective hadron masses, effective interactions and equation
of state are studied using a generalized mean-field theory which includes
the implicit and the explicit density dependence of the effective masses and
couplings. We found that we can make the effective ω-meson mass smaller
and the equation of state softer at the same time if the ω-meson mean field
is proportional to the baryon density. In this case, there is a simple and ex-
act relation between the effective ω-meson mass and the effective ω-nucleon
coupling. Because of this relation, the effective ω-nucleon coupling auto-
matically decreases if the effective ω-meson mass decreases. Consequently,
the equation of state becomes softer. A trial to embed the QCD sum-rule
results into the hadron field theory is also shown.
1 Introduction
Changes of the hadron masses and couplings are much interested in the
hadron and nuclear physics. [1, 2, 3] Especially, the vector meson mass
reduction attracts a great deal of attention because it is related to the chiral
symmetry restoration. Because of its short life time, the reduction of the
ρ-meson mass is expected to be a signal of the hot and dense matter which
may be produced in the high-energy heavy ion collisions. [4]
On the other hand, the effective ω-meson mass is important for the
nuclear structure. The results of the relativistic Brueckner Hartree Fock
calculation [5, 6] is well described by the ω-meson self-interaction [7, 8] or
the decrease of the ω-nucleon couplings in medium. [9] In the paper [10],
Tuchitani et al. showed analytically that the enhancement of the effective
ω-meson mass caused by the ω-meson self-interaction softens the equation of
state (EOS). They also showed that the reduction of the effective ω-nucleon
coupling is related with the enhancement of the effective ω-meson mass if
it is caused by the effective multi ω-nucleon interaction. However, it seems
that such an enhancement of the effective ω-meson mass is not consistent
with the chiral symmetry restoration in medium. It is reported that the
reduction of the effective vector meson mass makes the EOS stiffer. [11, 12]
In the paper [10], they have used the generalized mean field theory which
includes the higher-order corrections, which is regarded to be induced by
1
vacuum fluctuation, in the higher-order effective interactions. However, for
the density fluctuation, their model include only the simple Hartree contri-
butions. In this paper, we extend their model and include the higher-order
effects in the density fluctuations as the explicit density dependence of the
effective hadron masses and the effective couplings. [13] Using the more gen-
eralized mean-field theory, we study the relation among the effective hadron
masses, the effective couplings and the EOS of symmetric nuclear matter.
We found that, in many case, the reduction of the effective ω-meson mass
is followed by the enhancement of the effective ω-nucleon coupling and the
EOS becomes stiffer. However, we can make the effective ω-meson mass and
the effective ω-nucleon coupling smaller at the same time, if we require that
the value of the ω-meson mean field is proportional to the baryon density.
In that case, there is a simple relation between the effective ω-meson mass
and the effective ω-nucleon coupling. Because of this relation, the effective
ω-nucleon coupling automatically decreases if the effective ω-meson mass
decreases. Consequently, the EOS becomes softer.
We remark that the density dependence of the effective masses and cou-
plings may be explained by the underlying quark physics rather than the
hadron field theory itself. We may be able to embed the quark physics
results in the hadron field theory through the density dependence of the
effective masses and couplings. In this paper, we try to embed the results
of QCD sum rule [2, 14] in the hadron field theory. In the viewpoint of the
quark physics, it may be natural that the value of the ω-meson mean field
is proportional to the baryon density. [15]
This paper is organized as follow. In Sec. 2, we generalize the relativis-
tic mean field theory to include the explicit density dependence [13] as well
as the higher order interactions. [10] We show that the density evolution
equation for the effective potential plays an important role to determine the
effective masses and couplings in the theory. [16] In Sec. 3, an analytical
expression for the incompressibility of nuclear matter is shown. It is also
shown that there is a simple relation between the effective ω-meson mass
and the effective ω-nucleon coupling if the value of the ω-meson mean field is
proportional to the baryon density. In Sec. 4, we numerically investigate the
relation among the effective ω-meson mass, the effective ω-nucleon coupling
and the EOS. We found that we can make the effective ω-meson mass smaller
and the EOS softer at the same time if the value of the ω-meson mean field
is proportional to the baryon density. We also try to embed the ω-meson
mass reduction, which is predicted by the QCD sum-rule, [2] into hadron
field theory. In Sec. 5, we discuss the relation between the nucleon mass
reduction predicted by the QCD sum-rule [14] and the nucleon-nucleon inter-
actions. We found that thermodynamical consistency is very important for
studying the relation between the effective hadron masses and the effective
interactions because the consistency condition is nothing but the evolution
equation for the effective potential at finite density. [16]
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2 Effective Lagrangian
We start with the following effective Lagrangian of σ-ω model [17, 18] which
includes the higher-order interactions [10] and the explicit density depen-
dence. [13]
L = ψ¯ [γµ{i∂µ +Σµ(σ, ω, S, V )− {m+Σs(σ, ω, S, V )}]ψ
+
1
2
∂µσ∂µσ −
1
4
FµνF
µν
− UM(σ, ω, S, V );
Fµν = ∂µων − ∂νωµ, (1)
where ψ, σ, ωµ and m are the nucleon field, the σ-meson field, the ω-meson
field and the nucleon mass, respectively. The S and V are auxiliary variables
which are equivalent to the scalar density ρs and the baryon density ρB of
nucleons, respectively. The Σs, Σµ, and UM are functions of σ, ω
µ, S and
V . The Σs and Σµ are the meson-nucleon interactions, while UM is the
mesonic potential which includes the meson mass terms, the σ-meson self-
interaction, the ω-meson self-interaction and so forth. We emphasize that
UM also include the explicit density dependence through S and V .
Starting from the effective Lagrangian (1), we calculate the density ef-
fects in nuclear matter in the mean field (Hartree) approximation. In the
uniform and rotational invariant nuclear matter, the ground-state expecta-
tion value of the spatial component of the ω meson fields is zero. Therefore,
below, we only work with the expectation value < ω0 > and write it in the
symbol of ω. We also write the expectation value < σ > in the symbol of σ.
The Σs and γ
µΣµ are the self-energies of the nucleon. (See Fig. 1(a).)
Since Σi(i = 1, 2, 3) has at least one spatial component of the vector meson
fields, they also become zero in the mean field approximation. Below, we
write Σ0 as Σv. In the Lagrangian (1), we have neglected the other parts of
the self-energies which vanish in the mean-field approximation. (For exam-
ple, the tensor part ψ¯[γµ, γν ]Σµνψ vanishes in the mean field approximation,
since Σµν is antisymmetric in the subscripts µ and ν and includes at least
one ωi. )
Although we use the effective Lagrangian (1) with the mean field approx-
imation for mesonic field, our model includes the large classes of the rela-
tivistic nuclear models. It includes the original Walecka model,[17, 18] the
relativistic Hartree approximation (RHA),[19, 18] the nonlinear σ-ω model
with σ-meson self-interactions [20, 21, 22, 23, 24, 25, 26] and the ω-meson
self-interaction, [7, 8, 27] the model including σ-ω meson interaction [28] and
so forth. It also includes the Zimanyi and Mozkowski (ZM) model after the
fermion wave function is rescaled. [29] In the quark-meson coupling model
(QMC), [30, 31, 32] the self-energies of the nucleon are calculated by using
the bag model. [33]
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We regard the Lagrangian (1) as an effective one in which the quan-
tum effects of the vacuum fluctuations have been already included in the
higher-order interactions. The Σs, Σv and UM may be able to be calculated
perturbatively [19, 18] or nonperturbatively [34] from the bare Lagrangian
which does not include the effects of the vacuum fluctuations. For exam-
ple, in the one-loop approximation or the relativistic Hartree approximation
(RHA), UM is given by [19, 18]
UM(σ) =
1
2
m2σσ
2 −
1
2
m2ωωµω
µ −
1
4π2
{
(m− gσσ)
4 log
(
m− gσσ
m
)
+gσm
3σ −
7
2
g2σm
2σ2 +
13
3
g3σmσ
3 −
25
12
g4σσ
4
}
. (2)
However, there are much ambiguity even in the 1-loop approximations [35,
36, 37] and the higher order calculations are much more difficult, we treat Σs,
Σv and UM as phenomenological inputs rather than to calculate them from
the bare Lagrangian. Therefore, in principle, there are a limitless number
of parameters, namely, effective couplings in these quantities.
We also regard the density effects beyond the Hartree approximation are
included in the explicit density-dependence through S and V . So the effec-
tive Lagrangian (1) also include the density dependent field theory, at least
in its simplest form. One important thing concerned the explicit density de-
pendence is that the mesonic potential UM is not independent of the nucleon
self-energies Σs and Σv. As is in the original density dependent hadron field
theory, [13] they are related with each other through the thermodynamical
equation
dǫ(ρB, φi)
dρB
= µ, (3)
where ǫ and µ are the energy density and the baryonic chemical potential
in the system, and φi = σ, ω. The ρB in ǫ(ρB, φi) represents explicit density
dependence through the fermi momentum kF.
Using the equations of motion
∂ǫ(ρB, φi)
∂φi
= 0, (4)
we obtain
dǫ(ρB, φi)
dρB
=
∂ǫ(ρB, φi)
∂ρB
+
∑
i
dφi
dρB
∂ǫ
∂φi
=
∂ǫ(ρB, φi)
∂ρB
= µ. (5)
We remark that this equation is nothing but the evolution equation which
determine the explicit density dependence of effective masses and couplings
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which is defined at finite density. The Legendre transformed version of this
equation, namely,
∂P (µ, φi)
∂µ
= ρB (6)
is the chemical potential flow equation proposed by Berges, Jungnickel and
Wetterich. [16]
Using the mean field approximation, we can represent the energy density
and the pressure in term of the fermi momentum kF as follows.
ǫ(kF, σ, ω, S, V ) = ǫB(kF, σ, ω, S, V ) + UM(σ, ω, S, V )− Σv(σ, ω, S, V )ρB(kF);
ǫB(kF,m
∗) =
1
6π2
{
E∗FkF(3k
2
F +
3
2
m∗2)−
3
2
m∗4 log
(
E∗F + kF
m∗
)}
;
m∗ = m+Σs(σ, ω, S, V ), E
∗
F =
√
k2F +m
∗2 (7)
and
P = PB(kF,m
∗)− UM(ρB, σ, ω, S, V );
PB(ρB,m
∗) =
1
6π2
{
E∗FkF(k
2
F −
3
2
m∗2) +
3
2
m∗4 log
(
E∗F + kF
m∗
)}
. (8)
Equations (7), (8) and the thermodynamical identity µ = (ǫ+P )/ρB yields
µ = E∗F − Σv. (9)
According to Fuchs, Lenske and Wolter, [13] we put Eqs. (7) and (9)
into (5). We obtain
dǫ(kF, φi)
dρB
=
dkF
dρB
∂ǫ(kF, φi)
∂kF
+
∑
i
dφi
dρB
∂ǫ
∂φi
+
dS
dρB
∂ǫ
∂S
+
dV
dρB
∂ǫ
∂V
= E∗F − Σv +
dS
dρB
∂ǫ
∂S
+
dV
dρB
∂ǫ
∂V
= E∗F − Σv +
dρs
dρB
∂ǫ
∂S
+
∂ǫ
∂V
= E∗F − Σv (10)
Therefore, we obtain
dρs
dρB
∂ǫ
∂S
+
∂ǫ
∂V
= 0. (11)
We determine the forms of Σs, Σv and UM such that this equation has the
solution S = ρs and V = ρB.
It is difficult to find the general forms of Σs, Σv and UM for Eq. (11).
However, if we assume
∂ǫ
∂S
=
∂Σs
∂S
ρs −
∂Σv
∂S
ρB +
∂UM
∂S
= 0, (12)
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equations (11) and (12) give
∂ǫ
∂V
=
∂Σs
∂V
ρs −
∂Σv
∂V
ρB +
∂UM
∂V
= 0. (13)
The coupled equations (12) and (13) have a analytic solution
Σs =
∑
m,n
cm,n(σ, ω)S
mV n, Σv =
∑
m,n
dm,n(σ, ω)S
mV n (14)
and
UM =
∑
m,n
um,n(σ, ω)S
mV n, (15)
if the conditions
cm,n = −
m+ 1
m+ n
um+1,n (m ≥ 0, n ≥ 0,m+ n 6= 0),
dm,n =
n+ 1
m+ n
um,n+1 (m ≥ 0, n ≥ 0,m+ n 6= 0),
u0,1 = 0, u1,0 = 0 (16)
and
det
∣∣∣∣∣∣


∂Σs
∂S
−∂Σv
∂S
−∂Σs
∂V
∂Σv
∂V


∣∣∣∣∣∣ 6= 0 (17)
are satisfied. Because of Eqs. (12) and (13), we can regard S and V as
auxiliary boson fields.
We summarize the other basic quantities we will use later. In the mean
field approximation, the nucleon propagator GN(k) is given by [17, 19]
GN(k) = G
F
N(k) +G
D
N(k) (18)
with the Feynman part
GFN(k) = (γ
µk∗µ +m
∗)
−1
−k∗2 +m∗2 − iǫ
(19)
and the density part
GDN(k) = (γ
µk∗µ +m
∗)
iπ
E∗k
δ(k∗0 − E∗k)θ(kFN − |k|), (20)
where k∗µ = (k0 + Σv,k). Since all of the vacuum fluctuations effects have
been already included in the effective Lagrangian (1), we use only the density
part GDN(k) to evaluate the density effects.
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Using the propagator GDN(k), we get the baryon density
ρB = < ψ¯γ
0ψ >= −i
∫
d4k
(2π)4
Tr[γ0GDN(k)] =
2
3π2
k3F. (21)
The scalar density is also given by
ρs(kF,m
∗) = < ψ¯ψ >= −i
∫
d4k
(2π)4
Tr[GDN (k)]
=
1
π2
m∗
{
kFE
∗
F −m
∗2 ln
(
kF + E
∗
F
m∗
)}
. (22)
The equation of motion for σ-meson is given by
∂ǫ(ρB, σ, ω, S, V )
∂σ
= 0. (23)
Putting (7) into (23), we get
∂ǫB(kF,m
∗(σ, ω, S, V ))
∂σ
−
∂Σv(σ, ω, S, V )
∂σ
ρB
+
∂UM(σ, ω, S, V )
∂σ
=
∂Σs(σ, ω, S, V )
∂σ
ρs −
∂Σv(σ, ω, S, V )
∂σ
ρB +
∂UM(σ, ω, S, V )
∂σ
= −g∗sσρs + g
∗
vσρB +
∂UM(σ, ω, S, V )
∂σ
= 0. (24)
In eq. (24), we have used the relation
∂ǫB(kF,m
∗)
∂m∗
= ρs (25)
and have defined the effective couplings for the three-point meson-nucleon
interaction as
g∗sσ ≡ −
∂Σs(σ, ω, S, V )
∂σ
and g∗vσ ≡ −
∂Σv(σ, ω, S, V )
∂σ
(26)
Note that the differentiating the nucleon self-energies with respect to the
meson-field expectation value yields the effective couplings of the meson-
nucleon interaction. One external line of the meson can be attached at the
point where one meson mean field have been removed by the differentiation.
(See Figs. 1(a) and (b).) In general, the effective action is a generating
functional of one-particle-irreducible correlation functions, namely, effective
masses and effective couplings. [38]
Similarly, the equation of motion for ω-meson is given by
−g∗sωρs + g
∗
vωρB +
∂UM(σ, ω, S, V )
∂ω
= 0, (27)
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where we have also defined the effective couplings
g∗sω ≡ −
∂Σs(σ, ω, S, V )
∂ω
and g∗vω ≡ −
∂Σv(σ, ω, S, V )
∂ω
. (28)
The diagrammatic description for Eqs. (24) and (27) is shown in Fig. 1(c).
Although there are a limitless number of parameters in Σs and Σv, only four
effective couplings appear for the meson-nucleon interaction in Eqs. (24) and
(27). If we put g∗vσ = g
∗
sω = 0 and approximate g
∗
sσ and g
∗
vω as constants
which are determined at the normal density, we have familiar equations of
motion which are used in the original Walecka model, [17, 18] the RHA
calculation [19] and the nonlinear σ-ω model. [20, 21, 22, 7, 23, 8, 28, 24,
27, 25, 26]
Since the effective potential is a generating function of one-particle-
irreducible correlation functions with vanishing external momentum, [38]
the second derivatives with respect to the meson mean fields yield the ef-
fective meson masses. In fact, differentiating the l.h.s. of the equations
of motion (24) with respect to the meson-field expectation values, we get
the equation for the meson self-energies [17, 19, 10] with vanishing external
momentum, namely,
∂2ǫ(ρB, σ, ω, S, V )
∂σ2
= −i2g∗sσ
2
∫
d4k
(2π)4
Tr[GFN(k)G
D
N(k) +G
D
N(k)G
F
p (k) +G
D
N(k)G
D
N(k)]
+i2g∗sσσ
∫
d4k
(2π)4
Tr[GDN(k)]− ig
∗
vσσ
∫
d4k
(2π)4
Tr[γ0GDN(k)]
+
∂2UM(σ, ω, S, V )
∂σ2
≡ g∗sσ
2Π− g∗sσσρs + g
∗
vσσρB +
∂2UM(σ, ω, S, V )
∂σ2
. (29)
Similarly, in general, we get
∂2ǫ(ρB, σ, ω, S, V )
∂φi∂φj
= g∗sφig
∗
sφj
Π− g∗sφiφjρs + g
∗
vφiφj
ρB
+
∂2UM(σ, ω, S, V )
∂φi∂φj
, (i, j = 1, 2) (30)
where φ1 = σ and φ2 = ω, and the effective coupling g
∗
fφiφj
(f=s,v) is defined
by
g∗fφiφj ≡ −
∂2Σf(σ, ω, S, V )
∂φi∂φj
.
The diagrammatic descriptions for Eqs. (29) and (30) are shown in Fig.
1(d). If the mixing part ∂
2ǫ
∂σ∂ω
can be neglected, ∂
2ǫ
∂σ2
and − ∂
2ǫ
∂ω2
are the
effective meson masses which are defined at the zero external momentum.
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3 Incompressibility of nuclear matter
In this section, we derive the simple relation among the effective masses,
effective couplings and incompressibility.
At first we study the density evolution of the expectation values σ and
ω. We differentiate the equations of motion (24) for σ-meson with respect
to ρB. We obtain
∂
∂ρB
∂ǫ(ρB, φi)
∂σ
+
∑
j
dφj
dρB
∂2ǫ(ρB, φi)
∂φj∂σ
= 0 (31)
where we have redefined φi = σ, ω, S, V . We also get
∂
∂ρB
∂ǫ(ρB, φi)
∂φj
=
∂
∂ρB
∂ǫB(kF(ρB),m
∗(φi))
∂σ
−
∂
∂ρB
(
∂Σv(φi)
∂σ
ρB
)
=
∂
∂ρB
(
∂Σs(φi)
∂σ
∂ǫB(kF,m
∗)
∂m∗
)
−
∂Σv(φi)
∂σ
= −g∗sσ
∂ρs(kF,m
∗)
∂ρB
+ g∗vσ = −g
∗
sσγˆ
−1 + g∗vσ,
(32)
where γˆ is an effective gamma factor which is defined as
γˆ−1 ≡
∂ρs(kF(ρB),m
∗)
∂ρB
=
m∗
E∗F
(33)
Therefore, we obtain
∑
j
dφj
dρB
∂2ǫ(ρB, φi)
∂φj∂σ
= g∗sσγˆ
−1 − g∗vσ. (34)
Similar equations can be obtained for the other fields, namely, ω, S and V .
Combining these equations, we obtain
M∗2
d
dρB
Φ = −gˆ, (35)
where
gˆ ≡ −γˆ−1g∗s + g
∗
v; g
∗
s ≡


g∗sσ
g∗sω
g∗sS
g∗sV

 , g∗v ≡


g∗vσ
g∗vω
g∗vS
g∗vV

 , (36)
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Φ ≡


σ
ω
S
V

 , (37)
and
M∗2 ≡


m∗σ
2 m∗σω
2 m∗σS
2 m∗σV
2
m∗σω
2 −m∗ω
2 m∗ωS
2 m∗ωV
2
m∗σS
2 m∗ωS
2 m∗S
2 m∗SV
2
m∗σV
2 m∗ωV
2 m∗SV
2 −m∗V
2

 ≡


∂2ǫ
∂σ2
∂2ǫ
∂σ∂ω
∂2ǫ
∂σ∂S
∂2ǫ
∂σ∂V
∂2ǫ
∂σ∂ω
∂2ǫ
∂ω2
∂2ǫ
∂ω∂S
∂2ǫ
∂ω∂V
∂2ǫ
∂σ∂S
∂2ǫ
∂ω∂S
∂2ǫ
∂S2
∂2ǫ
∂S∂V
∂2ǫ
∂σ∂V
∂2ǫ
∂ω∂V
∂2ǫ
∂S∂V
∂2ǫ
∂V 2

 .
(38)
If detM∗2 6= 0, Eq. (35) can be transformed as
dΦ
dρB
= −(M∗2)−1gˆ (39)
The incompressibility K is defined by
K ≡ 9ρ2B0
d2(ǫ/ρB)
dρ2B
∣∣∣∣
ρB=ρB0
ρ3=0
= 9
dP
dρB
∣∣∣∣ρB=ρB0
ρ3=0
= 9ρB0
dµ
dρB
∣∣∣∣ρB=ρB0
ρ3=0
, (40)
where ρB0 is the normal baryon density. Using µ = E
∗
F−Σv =
√
k2F +m
∗2−
Σv and Eq. (39), we get
1
ρ
dP
dρB
=
dµ
dρB
=
dkF
dρ
kF
E∗F
+
m∗
E∗F

∑
j
∂Σs(φi)
∂φj
dφj
dρB

−

∑
j
∂Σv(φi)
∂φj
dφj
dρB


=
k2F
3ρBE∗F
+t gˆ
dΦ
dρB
=
k2F
3ρBE∗F
−t gˆ(M∗2)−1gˆ. (41)
Therefore, we get the relation among the effective masses, the effective cou-
plings and the incompressibility.
K = 9ρB
(
k2F
3ρBE∗F
−t gˆ(M∗2)−1gˆ
)∣∣∣∣ρB=ρB0
ρ3=0
. (42)
In particular, if (M∗2)−1 is diagonal and there are no explicit density de-
pendence,
−tgˆ(M∗2)−1gˆ =
gˆ2ω
m∗ω
2
−
gˆ2σ
m∗σ
2
=
(g∗vω − γˆ
−1g∗sω)
2
m∗ω
2
−
(g∗vσ − gsσγˆ
−1)2
m∗σ
2
. (43)
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Therefore, this quantity represents the difference between the strengths of
the effective repulsive force and the effective attractive force. From Eqs. (41)
and (43), it is easily seen that the reduction of the effective ω-meson mass
and/or the enhancement of the effective ω-nucleon coupling make the EOS
stiffer. We remark that the effective σ-meson mass m∗σ in Eq. (43) includes
the contribution in the ordinary random phase approximation (RPA) for the
meson self-energy, namely Π in Eq. (29). Therefore, Eqs. (42) and (43) are
the generalization of the earlier result. [39]
From (42), we see that the value of −tgˆ(M∗2)−1gˆ at the normal density
is determined if the values of K and m∗0 (subscript ”0” means that the
quantities with it are defined at the normal density ρB0) are given. In
Fig. 2, we show the relation among m∗0, K and −
tgˆ(M∗2)−1gˆ. For the
well-known parameter sets, the values of −tgˆ(M∗2)−1gˆ almost vanish. [10]
The effective attractive and repulsive forces almost cancel each other at the
normal density.
Because of the identity V = ρB, we can show that
m∗V
2 = g∗vV −
m∗
E∗F
g∗sV = gˆV . (44)
Similarly, if
ω =
gω
m2ω
ρB, (45)
we obtain
m∗ω
2
mω2
=
g∗vω −
m∗
E∗
F
g∗sω
gω
=
gˆω
gω
. (46)
In the original Walecka model, [17] Eq. (45) is exact and Eq. (46) is trivial,
since m∗ω = mω, g
∗
vω = gω and g
∗
sω = 0. Furthermore, in a viewpoint
of the quark physics, it may be natural that the ω-meson mean field is
proportional to the baryon density. [15] There are non-trivial cases which
satisfy the relation (46). In such a case, because of the relation (46), the
effective ω-nucleon coupling automatically decreases if the effective ω-meson
mass decreases. Putting (46) into (43), we obtain
−tgˆ(M∗2)−1gˆ =
gˆ2ω
m∗ω
2
−
gˆ2σ
m∗σ
2
=
gˆωgω
mω2
−
gˆ2σ
m∗σ
2
. (47)
If the effective ω-meson mass becomes smaller, gˆω also becomes smaller
according to Eq. (46). Therefore, the EOS becomes softer according to Eq.
(47). In the next section, we will show examples of such EOS.
11
4 Effective hadron masses, effective coupling and
equation of state
In this section, we numerically investigate relation among effective hadron
masses, effective couplings and equation of states (EOS). Below we assume
that
Σs(σ) = −gσσ − gσSσS, (48)
Σv(ω) = −gωω − gω3ω
3 − gωV 2ωV
2 − gω2V ω
2V, (49)
and
UM(σ, ω) =
1
2
m2σσ
2 +
1
3
cσ3σ
3 +
1
4
cσ4σ
4 −
1
2
m2ωω
2 −
1
4
cω4ω
4
+
1
2
cσ2ω2σ
2ω2 +
1
2
gσSσS
2 −
2
3
gωV 3ωV
3 −
1
2
gω2V ω
2V 2
(50)
Under these assumptions, the effective meson-nucleon couplings and the
effective meson masses are given by the following equations.
g∗s =

 g
∗
sσ
g∗sω

 =

 gσ + gσSS
0

 . (51)
g∗v =

 g
∗
vσ
g∗vω

 =

 0
gω + 3gω3ω
2 + gωV 2V
2 + 2gω2V ωV

 . (52)
m∗σ
2 = mσ
2 + 2cσ3σ + 3cσ4σ
2 + cσ2ω2ω
2
+
g∗sσ
2
π2
{
kFE
∗
F + 2
kFm
∗2
E∗F
− 3m∗2 log
(
kF + E
∗
F
m∗
)}
. (53)
m∗ω
2 = mω
2 + 3cω4ω
2 − 6gω3ωρB − cσ2ω2σ
2 − gω2V V ρB (54)
The non-diagonal elements of the matrix M∗ are given by following equa-
tions.
m∗σω
2 = 2cσ2ω2σω. (55)
At fast, we examine the effects of the higher-order interaction without
explicit density dependence. For numerical calculations, we use the NL3
parameter set [25] as a basic one, in which all couplings vanish except for gσ,
gω, cσ3 and cσ4. In other sets, we add one (or two) higher order coupling(s)
to Σ or UM, and modify gσ, gω, cσ3 and cσ4 to reproduce the basic physical
properties in the NL3, namely, ρ0 = 0.148fm
−3, a1 = 16.299MeV, m
∗
0 =
12
0.60m and K = 271.76MeV. The parameter sets are summarized in Table
1.
Since we concentrate ourselves about the effective ω-meson mass reduc-
tion, we consider following three cases. In set B, the ω-meson self-interaction
is added with negative sign. From (54), it is easily seen that this contribu-
tion makes the effective ω-meson mass smaller. In set D, the ω-ω-ω-nucleon
interaction is added with positive sign. From (52) and (54), it is easily seen
that this contribution makes the effective ω-nucleon coupling larger and the
effective ω-meson mass smaller. In set K, the σ-ω mixing interaction is
added with positive sign. From (53) and (54),it is easily seen that this con-
tribution makes the effective σ-meson mass larger and the effective ω-meson
mass smaller.
In parameter sets B and D, we determine the higher order interaction to
satisfy m∗ω
2/m2ω = 0.9. In parameter sets K, we determine the higher order
interaction to satisfy m∗ω
2/m2ω = 0.95. (We could not find the parameter
set which satisfies m∗ω
2/m2ω = 0.9 and reproduces the basic properties of the
EOS with the NL3 parameter set at the same time. )
B D K BD
gσ
2/mσ
2 395.474 384.641 388.669 407.537 (GeV−2)
gω
2/mω
2 259.581 250.491 252.824 278.194 (GeV−2)
cσ3/gσ
3 2.2644 2.3837 2.4469 1.4938 (MeV)
cσ4/gσ
4 −0.37906 −0.46132 −0.54749 −0.12085 ×10−2
cω4/gω
4 −0.14 0.0 0.0 −0.37744 ×10−2
gω3/gω
3 0.0 0.2 0.0 −0.35 (GeV−2)
cσ2ω2/(gσgω)
2 0.0 0.0 0.0015 0.0
Table 1: The parameter sets B,D,K and BD. All parameter sets reproduce
the basic properties of the EOS with the parameter set NL3.
In Figs. 3∼5, we show m∗ω
2, g∗vω and ǫ/ρB as functions of the baryon
density. In each case, the EOS becomes stiffer than the EOS with the original
NL3 parameter set because of the effective ω-meson mass reduction. In the
cases of the set D, the enhancement of the effective ω-nucleon couplings also
contributes the stiffness of the EOS.
If we require that the ω-meson mean field is proportional to the baryon
density, there should be the following relation between gω3 and cω4.
cω4 = 3
gω3m
2
ω
gω
(56)
We call this parameter set a ”set BD”. In this parameter set, we determine
gω3 and cω4 to satisfy m
∗
ω
2/m2ω = 0.9 and the condition above. The numer-
ical results are shown in Figs. 3∼5. In spite of the effective ω-meson mass
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reduction, the EOS becomes softer because of the reduction of the effective
ω-nucleon coupling.
Next we examine the effects of the explicit density dependence in the
effective interactions. In parameter set ED1, g∗vω decreases as density in-
creases because of the effective interaction ψ¯gωV 2ωV
2γ0ψ. On the other
hand, the effective σ-nucleon interaction also decreases as density increases
because of the effective interaction ψ¯gσSσSψ. In parameter set ED2, an
effective interaction ψ¯gω2V ω
2V γ0ψ is added as well as ψ¯gωV 2ωV
2γ0ψ and
ψ¯gσSσSψ. This new interaction makes the effective ω-meson mass smaller if
gω2V is positive. On the other hand, this term makes the effective ω-nucleon
coupling larger.
ED1 ED2 QSR
gσ
2/mσ
2 410.299 412.523 444.050
gω
2/mω
2 290.124 291.622 327.489
cσ3/gσ
3 0.0 0.0 0.95677 (MeV)
cσ4/gσ
4 0.0 0.0 0.16515 ×10−2
gσS/gσ −92.350 -95.441 0.0 (GeV
−3)
gωV 2/gω −4.4088 -16.617 0.0 ×10
4(GeV−6)
gω2V /gω
2 0.0 270.0 0.0 (GeV−4)
C/gω
2 0.0 0.0 0.48576 (GeV−1)
Table 2: The parameter sets ED1, ED2 and QSR. All parameter sets repro-
duce the basic properties of the EOS with the parameter set NL3.
In Figs. 6∼8, we show m∗ω
2, g∗vω and ǫ/ρB−m as functions of the baryon
density for the parameter sets ED1 and ED2. In the parameter set ED2,
the gω2V is determined to satisfy m
∗
ω
2/m2ω =0.9. Because of the reduction of
the effective ω-meson mass and the enhancement of the effective ω-nucleon
coupling, the EOS with the set ED2 becomes stiffer than the one with the
set ED1.
We remark that the case with the parameter set ED2 is different from
the case with the parameter set BD which we have discussed before. In the
case of the parameter set BD, the ω-meson self-interaction term affects the
effective ω-meson mass more strongly than the multi ω-nucleon interaction,
because the effective ω-meson mass is defined as a second derivative of the
energy density with respect of the ω-meson field and the term which is
proportional to ω4 is more important for the effective ω-meson mass than
the term which is proportional to ω3. Therefore, we can make the effective
ω-meson mass smaller and the effective ω-nucleon couplings smaller at the
same time using the negative coefficient cω4. To the contrary, in the case
with the parameter set ED2, the interaction term ψ¯gω2V ω
2V γ0ψ affects
the effective ω-meson mass more strongly than the corresponding mesonic
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potential term −1
2
gω2V ω
2V 2. Therefore, we should make gω2V positive to
decrease the effective ω meson mass and this makes the effective ω-nucleon
coupling larger. In general, the term which includes higher interactions of ω-
meson is more important for the effective ω-meson mass. In this viewpoint,
the difference between the ω-meson field and the auxiliary field V is crucial
and important.
The QCD sum-rule has predicted that the ω-meson mass decreases when
the density increases. [2] At low density, it is approximated by
m∗ω(ρB) = mω −
0.18mω
ρB0
ρB. (57)
This gives
∆m∗ω
2 ≡ m˜2ω −m
2
ω =
(
mω −
0.18mω
ρB0
ρB
)2
−m2ω ∼ −2CρB, (58)
where C = 0.18m2ω/ρB0. This effective mass is defined as a pole of the
propagator and is different from our effective mass which is defined as a
meson self-energy at the zero external momentum. However, in this paper,
we neglect this difference, use Eq. (58) as a first approximation and try to
embed it in the hadron field theory.
There are two difficulties in this trial. If we use the solution (14)∼(17),
we could not embed Eq. (58) directly into the mesonic potential because
of the condition u0,1 = 0. Therefore, we use the higher-order interaction of
ω-meson to include the linear density dependence in Eq. (58). Furthermore,
the property for the boost transformation is already unclear in (57) and it is
difficult to determine the appropriate form of the multi ω-nucleon couplings.
Here, we naively add the terms to the Lagrangian.
∆Σv = Cω
2 and ∆UMV =
2Cm2ω
3gω
ω3 (59)
Both of these two terms are needed because we require that the ω-meson
mean field should be proportional to the baryon density. This requirement
may be natural in the viewpoint of the quark physics. [15] These terms gives
negative contribution −2CρB to m
∗
ω
2. On the other hand, it also makes the
effective ω-nucleon couplings smaller. We call this parameter set QSR.
In Figs. 6∼8, we show m∗ω
2, g∗vω and ǫ/ρB−m as functions of the baryon
density for the parameter set QSR. As is in the case of the parameter set BD,
in spite of the ω-meson mass reduction, the EOS becomes softer because of
the reduction of the effective ω-nucleon coupling.
5 Effective Nucleon-Nucleon Interactions
If we solve the equations of motion for meson mean-field, σ and ω are written
in terms of ρs and ρB. In fact, in the original Walecka model, σ and ω are
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removed by
σ =
gσ
m2σ
ρs and ω =
gω
m2ω
ρB. (60)
Therefore, if S(= ρs) is written by V (= ρB), Σs, Σv and UM are functions
which depend V only.
Barreiro [40] has tried to remove σ and ω using the relation
σ =
Σs
gσ
and ω =
Σv
gω
(61)
rather than Eq. (60). He showed that, combining the QCD sum-rule results
[14]
Σs = −
σBm
m2πf
2
π
ρB and Σv = −
8mqm
m2πf
2
π
ρB (62)
with Bonn potential, [41] the saturation of nuclear matter is well described.
However, his method does break the thermodynamical consistency. Instead
of using (61), we use the evolution equation (11) with Eqs. (62). Since Σs,
Σv and UM depend only V , the evolution equation (11) reduces to
∂ǫ
∂V
= 0. (63)
Using this equation, UM is determined as
UM = −
1
2
8mqm
m2πf
2
π
ρB +
σBm
m2πf
2
π
∫ ρB
0
ρs(ρ
′
B)dρ
′
B, (64)
where mπ, fπ, mq and σB are π-meson mass, the pion decay constant, the
current quark mass and the nucleon sigma-term, respectively. Using ρs ∼ ρB,
we obtain
UM = −
1
2
8mqm
m2πf
2
π
ρ2B +
∫ ρB
0
σBm
m2πf
2
π
ρ′s
dρ′B
dρ′s
dρ′s
∼ −
1
2
8mqm
m2πf
2
π
ρ2B +
∫ ρB
0
σBm
m2πf
2
π
ρ′sdρ
′
s
= −
1
2
8mqm
m2πf
2
π
ρ2B +
1
2
σBm
m2πf
2
π
ρ2s (65)
Comparing this equations with the potential
UM = −
1
2
g2ω
m2ω
ρ2B +
1
2
g2σ
m2σ
ρ2s (66)
in the original Walecka model, we obtain
g2ω
m2ω
=
8mqm
m2πf
2
π
and
g2σ
m2σ
∼
σBm
m2πf
2
π
. (67)
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Since g
2
σ
m2σ
= 303 and g
2
ω
m2ω
= 222 in the original Walecka model, Eq. (67)
is satisfied for mπ =138MeV, fπ =93MeV, mq =4.8MeV and σB =53MeV.
Because ρs =< ψ¯ψ > and ρB =< ψ¯γ0ψ >, the potential UM may be regarded
as the effective nucleon-nucleon interaction caused by the meson exchange
between nucleons. In fact, in the chiral perturbation theory, [42] Eq. (65)
is naturally derived from the effective nucleon-nucleon interactions.
In Fig. 9, using the second equation of Eq. (62) with mπ = 138MeV,
fπ = 93MeV, mq = 7MeV and σB = 45MeV, [43] we show Σv as a function
of baryon density. In Fig. 10, using the exact potential (64) with the
parameters above, we show ǫ/ρB −m as a function of baryon density. The
ǫ/ρB −m is large and does not satisfy the saturation conditions.
Next, we try to embed the ω-meson mass reduction, which is predicted
by the QCD sum rule, [2] into Σv. As is in the case of the parameter set
QSR, we add the term
∆Σv = Cω
2 and ∆UMV =
2Cm2ω
3gω
ω3 (68)
to Σv = −gωω and the vector part of the potential UM in the original Walecka
model. In this modification, the equation of motion for the ω-meson is not
changed and reads
ω =
gω
m2ω
ρB. (69)
Putting (69) into the total Σv, we obtain
Σv = −gωω +Cω
2 = −
g2ω
m2ω
ρB
(
1−
C
m2ω
ρB
)
= −
mqm
m2πf
2
π
ρB
(
1− 0.18
ρB
ρB0
)
, (70)
where we have used the first relation in Eq. (67). The vector part of the
potential becomes
UMV = −
1
2
g2ω
m2ω
ρ2B +
2g2ω
3m4ω
Cρ3B = −
1
2
g2ω
m2ω
ρ2B
(
1− 0.24
ρB
ρB0
)
= −
1
2
8mqm
m2πf
2
π
ρ2B
(
1− 0.24
ρB
ρB0
)
. (71)
In Fig. 9 and 10, using Eqs. (70) and (71), we show Σv and ǫ/ρB − m
as a function of baryon density. In spite of the enhancement of UMV, the
equation of state becomes much softer because the absolute value of Σv
becomes much smaller. We remark that these results depend strongly on
the values of mq and σB. For example, if we use mq = 5.5MeV instead of
mq = 7MeV, ǫ/ρB −m becomes negative at high densities. In conclusion,
the total effect of the reduction of the ω-meson mass is attractive.
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6 Summary
In summary, we have studied the relation among the effective hadron mass,
the effective interactions and the EOS by using the generalized relativistic
mean field theory. The results obtained in this paper is summarized as
follows.
(1) The reduction of the effective ω-meson mass stiffens the EOS.
(2) In many cases, the reduction of the ω-meson mass is followed by the
enhancement of the ω-nucleon interaction which makes EOS more stiff.
(3) However, if we require that the ω-meson mean field is proportional
to the baryon density, the reduction of the ω-meson mass induces the re-
duction of the effective ω-nucleon couplings because of the simple relation
between the effective ω-meson mass and the effective ω-nucleon coupling.
Consequently, the EOS becomes softer. The total effect of the reduction of
the ω-meson mass is attractive.
In our analyses, the difference between the meson field ω and the auxil-
iary field V is crucial and important. In the nucleon, there may be a quasi
field which consists of the quark and anti-quark and couples with a quark it-
self. If the quasi field comes out of the nucleon, they becomes a ”true” meson
by the confinement of the quark and anti-quark. The confinement is a very
complicated and drastic phenomenon. However, there may be continuity in
some degree between the quasi field and the meson, because of the conserva-
tion of the baryon number. Since the quark and the anti-quark are confined,
the mesons become ”physical” particles and it is meaningful to consider the
masses of them. On the other hand, V is nothing but an auxiliary field
which is introduced into the theory for convenience. It is regarded as the
one which represents the effect of the effective nucleon-nucleon interactions.
Since the nucleons are not confined, V could not be a ”physical” particle
and there is no physical meaning for its masses. In this viewpoint, we should
distinguish the ω-meson from the auxiliary field V . Furthermore, the result
of the quark physics may be more naturally described by the higher order
ω-meson interactions rather than the explicit density dependence, since the
ω-meson field consists of the quark and the anti-quark, and is more directly
connected with the quark physics inside the nucleons than the auxiliary field
V .
We remark that the effective ω-meson mass which we discussed in this
paper is somewhat different from the one defined by using the pole of the
full propagator of the meson. As is discussed by Kurasawa and Suzuki, [44]
the vacuum contribution is important for such a ”pole mass”. If we study
the ”pole mass”, we must include the effective interactions which include
derivative couplings in Eq. (1). They are open problems in future.
Our model with the P.S. BD may be too simple. However, we emphasize
that the equation (46) is very general and is applicable to more realistic
model. One of the most interesting model for the nuclear matter with the
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chiral symmetry is the extended chiral sigma model. [45, 46] This model
seems very reasonable and very interesting, but it is indicated that the
EOS of this model becomes very hard. [46] In this model, the σ-ω mixing
interactions appears in the resulting ω-meson potential as follows.
Uω =
1
2
m2ωωµω
µ −m2ω
σ
fπ
ωµω
µ +
1
2
m2ω
σ2
f2π
ωµω
µ. (72)
The effective ω-meson mass is given by [46]
m∗ω = mω
(
1−
σ
fπ
)
. (73)
Therefore the effective ω-meson mass becomes smaller as the value the σ-
meson mean field becomes larger and the EOS becomes stiff. In this model,
the ω-meson mean field is not proportional to the baryon density because
the σ-ω mixing interactions in (72). If we required the ω-meson mean field
is proportional to the baryon density, the interactions
ψ¯{gω(−
2
fπ
σ +
1
f2π
σ2)ωµγ
µ}ψ. (74)
should be added to the the ordinary ω-nucleon coupling ψ¯gωωµγ
µψ. In this
case, the condition (46) is satisfied. Therefore, it is expected that the EOS
becomes softer, since the effective ω-nucleon coupling becomes smaller as the
effective ω-meson mass becomes smaller. We also remark that the mixing
mass term ∂
2ǫ
∂σ∂ω
vanishes due to the terms in Eq. (74). The σ-ω mixing
interactions (74) are obtained if there is a term
− Ψ¯{
gω
f2π
(σ′
2
+ π2a)ωµγ
µ}Ψ (75)
in the initial chiral sigma model Lagrangian, where Ψ and σ′ are the original
nucleon and σ-meson fields, respectively, and πa is the pion field.
In this paper, the generalized relativistic mean field theory is improved
by including the baryon density and the scalar density as auxiliary bosonic
fields. The method may be justified and improved by the auxiliary field
method in the field theory. [47, 48, 49, 50] The baryon density or the bary-
onic chemical potential flow equation may be useful in the nuclear physics.
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Figure Captions
Fig. 1 The diagrammatic descriptions for the nucleon self-energies (a), the
effective meson-nucleon couplings (b), the equation of motion for meson (c)
and the meson self-energies (d).
Fig. 2 At the normal density, K is shown as a function of the effective
nucleon mass m∗0. The various curves represents results with the fixed
values of −tgˆ(M∗2)−1gˆ ( shown in GeV−2 ) and with ρB0 = 0.148fm
−3.
The results for the well-known parameter sets NL1 [21], NL-SH [23], TM1
[8] and NL3 [25] are also shown.
Fig. 3 The m∗ω
2/m2ω is shown as a function of baryon density. In the case
with the parameter set NL3, m∗ω
2/m2ω = 1.
Fig. 4 The g∗vω/gω is shown as a function of baryon density. In the cases
with the parameter sets NL3, B and K, g∗vω/gω = 1.
Fig. 5 The ǫ/ρB −m (in MeV) is shown as a function of baryon density.
Fig. 6 The m∗ω
2/m2ω is shown as a function of baryon density. In the case
with the parameter sets NL3 and ED1, m∗ω
2/m2ω = 1.
Fig. 7 The g∗vω/gω is shown as a function of baryon density. In the cases
with the parameter set NL3, g∗vω/gω = 1.
Fig. 8 The ǫ/ρB −m (in MeV) is shown as a function of baryon density.
Fig. 9 The Σv (in GeV) is shown as a function of baryon density. The
solid, dashed and dash-dotted curves represent the results with
mq = 7MeV and no ω-meson mass modification, the result with
mq = 7MeV and the ω-meson mass modification and the result with
mq = 5.5MeV and the ω-meson mass modification, respectively.
Fig. 10 The ǫ/ρB −m (in MeV) is shown as a function of baryon density.
The various curves have the same notation as in Fig. 9.
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